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Abstract /7 The trapezoidal rule and Simpson’s rule are commamerical techniques for approximate integration t
be used when the function to be integrai@ds given in analytical form, having an impracti¢ator unknown integral
or (b)is given as values available only at a certaimited number of points, usually equidistant — dkhei dealt with
in this study —, such as in tabular form, or, eqlewtly, values supplied by a computer program. phésent simple
formulas to make those rules easier when it is s&a0g to produce tables for lookup, typically cddted in a computer,
tables from which graphs of the integral can also ibade. Although these and other rules are gelyetalght
everywhere in technological curricula, and are eipéd in innumerable books as applied to the iraefnomato b,
both given, we have found no description for theecavhere the abscissa varies in a range — say, &émx, with
as<x <b—, which permits to build tables and is necessaaynely, to produce graphs. This problem appetss @ be
adequate for pedagogical purposes. We addresgriidem for equidistant points of the independentable, with a
description easy to transcribe into a computer laage, and illustrate it with the computation of thelume of a
spheroid. A mention is made to the approximatenasé of the errors through finite differencestle absence of the
analytical form of the integrand.

I ndex Terms /7 numerical integration, Simpson’s rule, tabularrfortrapezoidal rule.

FUNDAMENTALS AND SCOPE

Numerical integration is a tool making it possilbtéecompute a definite integral when the functiam,,ithe integrand
(considered here univariate), is not practicabtggrable. This difficulty arises in one of theldoling cases:(a) the
function, given analytically, has an impracticableunknown integral;(b) the function is given as a set of values only
for a certain number of points of the independemtable, usually equidistant points (as addressetd present study),
such as in tabular form, or values supplied byramaer program. The trapezoidal rule and Simpsnréare common
numerical techniques to solve the problem.

Although the aforementioned rules are generallghaeverywhere in technological curricula, and explained in
innumerable books —for instance, the one by Gremmgmd Casulli [1] or Hammerlin and Hoffmann [2]the only
case systematically studied is the integral feota b, both given. Tables are then profusely construbté only to show
that these methods improve, tending to the conalete as the integration step decreases, withyghied limitations of
machine precision and computing time. We haves,tfaund no description for the case treated hveineye the abscissa
varies in a range, say, froemto x, with increasingk in that rangea < x < b. This not only permits to build tables for
lookup —which is nowadays, in the computer ageallguno more indispensable—, but also is necesgagroduce
graphs. We think that this problem is interestiog pedagogical purposes, namely in technologicaticula such as
Engineering, Economics or Statistics. Althoughldap such as the Gauss integral in Probability, rroeiadays
secondary in view of the availability of computensd calculators, the tables underlie the constootif graphs, and
these have a definitive pedagogical value. We exidthe problem for equidistant points of the irdelent variable,
and provide suitable transcription into computenglagage (pseudo-code), and illustrate its applinatigth the
computation of the volume of a solid of revoluti@am, oblate spheroid.

Examples for numerical integration are commda) the points in Table 1 (which are indeed from {lwa=1);
or (b) the function given in {2}, which is the Gaussiarppability density function. The unwieldy primigwf {1} was
obtained through the “Integrator” [3] and is givien{3}. A complexity such as the one inherent listcase, or higher,
may discourage the analytical resolution, pointmg@ numerical method.

X
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f(x)= % exr{—% xzj {2}
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2 _ 2
F(x):ln{w} (2\/_ )arctan— {3}

(x+a) a3
X f(x)
2.0 0.2222
2.1 0.2047
2.2 0.1889
2.3 0.1747
2.4 0.1619
25 0.1504
TABLE 1

TABULATED VALUES OF A FUNCTION FOR INTEGRATION

In order to compute definite integrals approximatéypical choices are, as mentioned, the trapetaide and,
more often, the Simpson’s rule, both in the New@wnies family of methods. When searching the fitemfor the
trapezoidal or Simpson’s rule in tabular form, inrerable sources are found, not, however, in thelsinsense
addressed here. Those sources typically do udestdbr a different purpose: to show that progredg smaller
integration steps provide better and better apprations (within the limits of computing time andngouter arithmetic).
Although this is an important aspect of these nigakrintegration techniques, here it will be comrsil that the
integration step size (which will be kept constdrd} been established, as may be obtained fromtizahkeasoning or
from the equidistance of the values in a suppledolet with the values of the function for a set efues for the
independent variable.

The scope of this study is to present the resuibtefgrating functions, a result to be shown inutab form, both
from integrands with an analytical expression awanfvalues in a table, this latter form being dénest for illustration
purposes or to produce tables and graphs for tiegristed function. In what follows, formulas wlile given for the
trapezoidal rule, then for Simpson’s rule, with application to the computation of the volume ofaate spheroid,
followed by some conclusions.

TRAPEZOIDAL RULE AND SIMPSON’S RULE

The trapezoidal rule approximates the intedrbl a sum of trapezoidal areas

1 o1
Y(ab)= [ f(x)dx D[EyﬁZyi +§yn}h @)
i=1

a
andn number of

with the usual definitions ofy, = f(a), y, = f(x ), y, = f(b), integration steph =

steps. Introducing,
S(x) = %Y(a, X) )
if Y(a, X) —notY(a, b)— is sought, foa<x<b, {4} becomes
1 = 1
S(x) =8, 02 Yo+ 2 i +5 i (6}
i=1

remarking that only the values ®fof the form X, =a+ kh (k an integer) are needed. Asds usually large, it is
convenient to write {6} in a recursive form, withe obvious value d§,=0:

S US,+ (yk a7t yk) {7}
In a numerically simpler way, |@ =2S
D, UD,, + (yk—l + yk) {8}
From {5} and the relation established betw&ands, it is
h
Y UD — {9}
2
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So, the procedure begins with computjggand continues as follows:

DO = 0; yprev::yo

fork:=1ton

xi=a+k*hy:=1; D=D + Ve, ¥ Y0 Yooy =V
Y:=D*h/2

For Simpson’s rule, the approximation to the in&¥(a, b) is done by the following sum, witheven:

b n-2 h
Y(a,b)=[ f(x)dx D[yo +4y, + Z()(Zyi +ay,)+ ynk {10}
i=2(2
For this rule (in a manner parallel to the trapdabrule), from {10}, it is
S US + Yo T4Yi Y {11}
and

h
Y OS— 12
3 {12}

Remark that the step is now double the one fotrdpezoidal rule.
The procedure begins with computiyygandy,, and continues as follows:
= 01 Yo =Yg
for k:= 2 ton step 2
{Yy =f@+ (k=1) *h); y:=f(a+k*h);
S( = 3(—2 + ym2 +4 *yml + Y ym2 = yml; yml = y}
Y:=S*h/3

APPLICATION

The above procedures are now applied to computiegvolume of an oblate spheroid, i.e., an ellipsofd
revolution, as approximately the Earth, with potadius,c, smaller than its equatorial radiws, (Thus, with the axis of
revolution vertical, the height is2and the width 2.) The formula of the spheroid is

x2+y® (z)
Y, (_j -1 13)
a C
Introducingr =/ X* + y2 , this becomes
2 2
r z
—+ (—j =1 {14}
a C

The volume of a solid of revolutioN, can be computed by the well-known formula of {15},

V(z)= ITJ._ZCI’Z(t)dt {15}

The volume of the oblate spheroid becomes

V(2)= A" r()dt = 7a° f{l—[ljz}dt (6

or, withx =t/ c, and introducing a dimensionlegs

Vi{z Zc
|z)= (2) :j (- x?)dx {17}
aC 1
So, the integrand is
f(x)=1-x2 {18}
immediately integrable to
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Therefore, it is

F(x):x—

¥z)=

vig)

1
3

X3

_ _2,z_ 1
mc 3 ¢ 3

8

3

This function goes from 0 (far/c = —1) to 4/3 (forzlc = +1), as expected.
spheroid isv(c) = (4/3)&’c, with the particular value (4/2° for the sphere of radius

{19}

{20}

Indeed, the volume of theolgjh

i Z x=2c f(X) D Ytrap S %imp Y

0 -2 -1 0 0 0 0 0 0

1 -1,6 -0,8 0,36 0,36 0,036 0,0373

2 -1,2 -0,6 0,64 1,36 0,136 2,08 0,13870,1387

3 -0,8 -0,4 0,84 2,84 0,284 0,2880

4 -0,4 -0,2 0,96 4,64 0,464 7,04 0,4693  0,4693

5 0 0 1 6,60 0,660 0,6667

6 0,4 0,2 0,96 8,56 0,856 12,96 0,8640 0,8640

7 0,8 0,4 0,84 10,36 1,036 1,0453

8 1,2 0,6 0,64 11,84 1,184 17,92 1,1947  1,1947

9 1,6 0,8 0,36 12,84 1,284 1,2960

10 2 1 0 13,20 1,320 20,00 1,3333  1,3333
TABLE 2

NUMERICAL INTEGRATION

As f was selected to be analytically integrable, it M possible to compare the approximate integith the exact

values. Making=2, in Table 2 we have the values for the applicatibthe trapezoidal and Simpson'’s rules, Withv.
In the table, with an arbitraty= 0,2, according to the expressions previouslyded, for example far=4, it is:

From {18}: f(x=-0,2) =1 -0,2=0,96

From{8}: D,=D,+y,+y,=2,84 + 0,84 + 0,96 = 4,64

rap,4

From {9}: Y,

D,h/2=4,64(0,2/2) = 0,464

From {11}: S,=S,+y,+ 4y, +y,= 2,08 + 0,64 + 4 x 0,84 + 0,96 = 7,04

From {12}: Y,

S,h/13=7,04(0,2/3)=0,4693

imp,4
T4 0,2
Y
1,2+
1. 0,15
0,8 - —o—Y_trap
0,1 —Y
0T ——E _trapRel
04T 1 005
021
1 1 1 C 1 1 1 O
-1 -0,75 -0,5 -0,25 0 0,25 0,5 0,7?( 1
FIGURE1

GRAPH OF Yigap AND Y FROMTABLE 2

As regards the errors of the two estimates, tragdazand Simpson'’s rules, it is to be remarked,thdth h = 0,2,
the trapezoidal rule gives a final error of ~0,0&.( |1,320-1,333|) against O for Simpson’s ratecisely 0 because the

latter is exact for polynomials up to the secondrde, as {18} shows is the case.

In FIGURE 1 dmews the

trapezoidal rule approximation (Y_trap), the exeedult (Y, identical to the Simpson results), ahd telative error
(E_trapRel, shown as 0 for the initial value O)aeed to the right-hand side axis (small values)fuactions ok.
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The estimate of the error cannot be made from tia¢ytical integrand, as already justified, becatisederivative is
supposedly not accessible. A solution is to comput approximation to the derivatives, the 2.ndliertrapezoidal rule
and the 4.th for Simpson’s rule. This can be gasiplemented by computing finite differences, @othe results can be
found on one of the author’s webpages [4].

CONCLUSIONS

The common trapezoidal and Simpson’s rules wersepted, so as to facilitate the computation of menrical integral
in a tabular form, i.e., for the integral froanto x, with a < x < b, with a andb given, for equidistant points. This is
convenient to obtain a table of the integral, uské@th for lookup and for its graphical presentaticAn application was
made to the computation of the volume of a spherdide estimate of the errors is not possible,raaralytical form is
considered unavailable, but can be obtained biefutifferences.
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